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Broadband Strip-Transmission Line
Y-Junction Circulators

J. W. SIMON, STUDENT MEMBER, IEEE

Abstract—Broadband circulators have been developed which
operate below resonance and cover octave bandwidths in the fre-
quency regions 0.6-8.0 Gc. The interrelationship of voltage standing-
wave ratio (VSWR) and isolation between various ports is estab-
lished without imposing symmetry. The fact that building a three-
port circulator is essentially a matching process is used as a basis
for a successful experimental development procedure. Empirically
determined criteria for broadbanding are reported with particular
emphasis placed on the discussion of optimizing saturation mag-
netization, linewidth, strip-transmission line parameters, and mag-
netic biasing field. The importance of having a ferrite with low di-
electric loss tangent is also discussed. The empirical data are con-
sidered in light of theoretical work done in this laboratory and in
light of the papers by Bosma.

InTRODUCTION

§§ NUMBER of papers [1], [2], [3] have been given

which present in a general nature the methods

utilized in making narrow-band circulators.
Papers also have been presented which contributed to
the fundamental understanding of junction circulators
[4], [5], [6] but which do not deal specifically with the
problem of broadbanding these devices. It is the aim of
this paper to present useful information from these
papers along with a large amount of empirical data
which have been derived in the course of developing a
number of broadband circulators.

These procedures have been applied successfully to
the development of broadband strip-transmission-line
Y-junction circulators for use over octave bandwidths
in the frequency ranges of 0.6-1.2, 1.0-2.0, 1.5-3.0,
2.0-4.0, and 4.0-8.0 Gec.

The basis for this successful development procedure
was suggested by the Humphrey and Davies paper [7],
in which it was shown that the bandwidth could be ex-
tended by matching the ferrite element symmetrically
using external reciprocal reactive networks. Using this
approach, it was discovered that certain parameters (of
the microwave structure and of the ferrite itself) could
be varied to permit matching to be carried out with
greater ease. Of greatest importance, an empirical
evaluation of the impedance vs. frequency charac-
teristics of the ferrite loaded junction revealed that
adjustment of the saturation magnetization of the ma-
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terial could indeed be useful in creating the type of
impedance response which realistically could be matched
using microwave reactive structures. This evaluation
was carried out in each band and resulted in the selec-
tion of a series of ferrite materials producing impedance
characteristics suitable for broadband matching.

Thus, the operating bandwidth has been extended by
utilizing external matching networks applied to ferrite
loaded junctions that have been adjusted and opti-
mized to reduce the difficulty of matching.

Empirical data are presented which indicate the
relation between the saturation magnetization of the
ferrite and the impedance vs. frequency characteristics
in the bands previously mentioned. Also discussed in
this regard are the effects of linewidth, width of the
strip-transmission line, and the magnetic biasing field
upon the impedance characteristics. Useful curves are
presented which relate optimum ranges of 4w, and
ferrite disk diameter to frequency. Methods of matching
into the ferrite loaded junction are discussed, and the
results are indicated for each band.

TeEcHNICAL CONSIDERATIONS
Broadband Approach

An important factor in the broadbanding effort was
the recognition of the fact that the isolation of any port
is dependent on the impedance match at the preceding
port. It was verified experimentally, for a circulator
operating in the low-loss mode port 1—port 2—port 3
—port 1 (1—2—-3—1), that, when the power entered
port 1, the isolation between port 1 and port 3 could be
expressed by the following expression:

1
Isolation (1 — 3) = 10 log T
2

(provided that the normal situation exists in which
power is not radiated), where I'; =reflection coefficient
of port 2.

This relation was found to hold accurately for VSWR
values at least as high as 1.50 and does not require sym-
metrical matching.?

From this, it is clear that the basic problem of pro-
ducing high isolation and low loss reduces to that of
finding methods for matching into the ferrite loaded
junction over a broad frequency spectrum.

1A formal proof of this experimental result was derived using
scattering matrix formulation and is provided in Appendix .
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This problem was approached in two ways: First, the
impedance characteristics of the ferrite loaded junction
were studied, while various parameters of the ferrite and
microwave structure were varied. The result desired
from this study was information leading to the develop-
ment of techniques for simplifying the matching prob-
lem. Secondly, matching structures were developed to be
used in conjunction with the forementioned charac-
teristics.

Materials Selection

Since it was desired to discover what effect, if any,
the saturation magnetization, 47 M, of the ferrite ma-
terial had upon the circulator impedance vs. frequency
characteristics, it was necessary to choose a class of ma-
terials in which the dielectric constant, g factor, and
linewidth AH could be held essentially constant while
large changes in 47 M, could be effected.

The basic material chosen for this evaluation was an
aluminum substituted yttrium iron garnet. The proper-
ties of this garnet are well suited to this kind of test
because of the following three factors:

1) The 4w M, values can be varied from 1780 to 133
gauss for aluminum substitutions ranging from 0
to 27 per cent.

2) The material has a narrow linewidth that is ap-
proximately constant for aluminum substitutions
from 0 to 27 per cent.

3) The value of the dielectric constant e and the g
factor change less than 10 per cent for aluminum
substitutions from 0 to 25 per cent.

The particular 4w M, values that were used for this
test were 133, 200, 400, 500, 670, and 1005 gauss, respec-
tively, which are listed in Table I along with properties
and compositions.

TABLE I

ALUMINUM SUBSTITUTED YTTRIUM IRON GARNETS OF THE FORMULA
3Y .05 5[ X %ALO;- (1 —X)%Fes04)

Ma—I ¥ - il °C tan

teria A € M urie (less

No. temp. factor than)
1 27 40 14.25 133 136° 2.10 0.0002
2 25 40 14.38 200 140° 2.03 0.0002
3 20 40 16.0 500 150° 2.024 0.002
4 20 52 15.1 400 150° 2.03 0.0001
5 15 39 14.20 670 170° 2.02 0.0001
6 10 44 15.5 1005 200° 2.02 0.0001

* AH measured at 10 Ge.

PARAMETERS INVESTIGATION
Lffects of 4n M, in L and S Bands

Testing of ferrimagnetic materials with various values
of 47 M, was accomplished in the frequency bands 0.6
1.2, 1.0-2.0, 1.5-3.0, 2.0-4.0, and 4.0-8.0 Gc. For pur-
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poses of brevity, only the tests that were made in the
1.0-2.0 and 2.0-4.0 Gc bands will be described in detail
here. Since the procedure is typical of all bands, only
the final results will be presented in the 0.6-1.2, 1.5—
3.0, and 4.0-8.0 Ge.

Material Evaluation, L-Band Region: The yttrium
iron garnets listed in Table [ as 1, 2, 4, and 5, respec-
tively, were tested in this frequency band using a hous-
ing as shown in Fig. 1. These materials were tested at
several magnetic fields, and the impedance character-
istics were plotted on Smith charts.

The results of these tests are shown in Figs. 2 through
5. An interesting observation, which can be made from
these Smith chart plots, is that, as the saturation mag-
netization of the garnet is increased, the impedance plot
begins to coalesce. This suggests that the use of ma-
terials possessing high 4w A, values would be advanta-
geous. Because of low field loss considerations, however,
only a limited increase in the saturation magnetization
can be tolerated. From the measurements taken on
these materials in L band, low field losses were apparent
only for material no. 5, which exhibited a forward loss
of 4.5 dB at 1.1 Gec.

Thus, in this band, material no. 4, whose operational
characteristics produced a well-grouped impedance plot
while operating in the low loss region, was considered
the most promising material for the application of
broadband matching techniques.

Material Evaluation, S-Band Region: The work done
in the S-band region consisted of testing ferrimagnetic
materials with various values of 47 M, in a manner sim-
ilar to the tests accomplished in the L-band region.

The 47w M, values that were used for these tests were
200, 400, 670, and 1005 gauss which correspond to ma-
terials 2, 4, 5, and 6 listed in Table I.

All tests were conducted using a housing as shown in
Fig. 1. Smith chart plots of the circulator using these
materials were taken at various magnetic fields and are
presented in Figs. 6 through 9.

These data agree with the results obtained in L band
in that, as the 4w/, is increased, the impedance plots
tend to coalesce. Measurements of the loss charac-
teristics indicated that the material with the highest
47w M, which could be used, and yet avoid low field
losses, was number 6. In both bands, then, a high sat-
uration magnetization was required for producing the
type of tight impedance plot grouping which effectively
permits broadband matching.

A similar materials evaluation was made covering the
remaining portion of the 0.6-8.0 Gc¢ band. The results
obtained were similar to those presented in the L- and
S-band tests, in that, the higher the 4w Mf,, the more
tightly grouped were the impedance characteristics for
a particular frequency range. Also, as the frequency
increased, the required 47 M, for tight grouping became
higher. The results of this investigation are presented in
Fig. 10, which shows the optimum values of 4714, and
ferrite disk diameters for each frequency.
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DIMENS ION | L-BAND | S-BAND

A 0.550 } 0300
B 0500 | 0.265
C 0.063 | 0.025

CENTER
STRIP

CONNECTOR
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Fig. 1. Strip-transmission-line housing and ferrite
configuration for the L- and S-band regions.

Fig. 2. L-band circulator impedance plot using
material no. 1 (4= M,=133 gauss).
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Fig. 3. L-band circulator impedance plot using
material no. 2 (4=M,=200 gauss).

Fig. 4. L-band circulator impedance plot using
material no. 4 (4=M,=400 gauss).

Fig. 5. L-band circulator impedance plot using
material no. 5 (4= M,=670 gauss).
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Fig. 6. S-band circulator impedance plot using
material no. 2 (473, =200 gauss).

Fig. 7. S-band circulator impedance plot using
material no. 4 (47 M,=400 gauss).
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Fig. 9. S-band circulator impedance plot using
material no. 6 (4w M,=1005 gauss).
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Fig. 8. S-band circulator impedance plot vs. magnetic
field using material no. 5 (4=M,=670 gauss).

Fig. 10. Envelope of practical 4= M, values and puck diameters
for below resonance broadband operation.
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Effects of Magnetic Field

The effects of varying the magnetic field are clearly
illustrated in the impedance plots previously presented
and are typical of all bands. It can be seen, for example,
in Fig. 8(a) and 8(b) that the impedance becomes more
tightly grouped as the applied field is increased; and at
even higher fields, as shown in Fig. 8(c) and 8(d), the
impedance plot continues to coalesce. However, as the
field is increased the resonant frequency also increases,
and a point is reached where high losses become evident
on the lower end of the frequency band. In any given
case, the resonance loss limits the extent to which the
impedance plot can be coalesced by raising the applied
field. In each band the optimum field was found to be
approximately equal to the 47 AL, of the ferrite material.

Effects of Ferrite Geometry

Two examples are cited in Figs. 3 and 11 in which the
impedance characteristics of the triangular- and disk-
shaped garnet materials can be compared. In both
cases, the similarity of the plots is surprisingly close.
In the tests to date, no significant difference in the
impedance characteristics for the disk or triangle has
been found for any of the frequency bands or materials.

The disk-shaped ferrite, being easier to fabricate and
smaller in size, was used in the development of these
devices.

Effects of Dielectric Loss

The importance of using ferrimagnetic materials hav-
ing low dielectric loss tangents, tan §, can be simply
illustrated through the use of experimental data taken
recently in the L-band region. The materials used were
numbers 3 and 4, respectively, whose only significant
differences are in their dielectric loss tangents. The
circulators containing the two materials were tuned and
tested under similar conditions, and the results are
plotted in Fig. 12(a) and 12(b). While the isolation and
VSWR are quite similar, a noticeable drop of about 0.5
to 0.6 dB in the forward loss is evident for the material
with the lower loss tangents in Fig. 12(b).

Thus, for circulators operating below resonance utiliz-
ing low saturation magnetization materials, and hence
large disk diameters, dielectric loss is an important loss
mechanism.

Effects of Linewidth

In choosing materials for possible below resonance
operation, careful consideration must be given to the
linewidth and frequency of operation. At the lower fre-
quencies, where the field required for resonance becomes
smaller and smaller and the tail of the resonance loss
curve approaches the low field loss curve, the possible
range of magnetic field values for low-loss operation be-
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comes diminishingly small. This also becomes true at
the higher frequencies where it is desirable to use the
highest possible 47 M, and biasing field. In either case,
a narrow linewidth material has an appreciably larger
operating region between the low field loss and the
resonant loss region. From this standpoint, materials
having the narrowest possible linewidths are desirable.

Materials have been tested which have all properties
similar except linewidth. The results of these tests indi-
cate that the linewidth has no measurable effect on the
impedance characteristics of a circulator while operating
in the low-loss region.

On the basis of these results, the linewidth of the ma-
terial should be chosen to be as narrow as possible to
permit the use of the highest possible saturation mag-
netization.

Effects of Strip-Transmission-Line Parameters

Only a limited amount of experimental data has been
taken to study the specific function that stripwidth,
strip thickness, characteristic impedance, etc., play in
the bandwidth properties of circulators.

The strip-line configurations, which were used in the
development of the circulators in the 1.0-2.0, 1.5-3.0,
2.0-4.0, and 4.0-8.0 Gc bands, are basically similar to
Fig. 1. The ground plane spacings, stripwidth, and strip
thickness were chosen to produce 50-ohm lines and also
to suppress the propagation of higher order modes.
This symmetrical Y-center conductor was used through-
out the development described in the preceding para-
graphs.

In the final stages of development of the 1.5-3.0 and
2.0-4.0 Gc bands, difficulty was encountered in obtain-
ing a sufficiently good impedance grouping when using
the material selected from the foregoing evaluation in a
standard junction. Attempts were made to obtain an
improved impedance plot by altering the center conduc-
tor geometry in the region of the junction. It became
readily apparent from the experimental trials made that
any large deviation from the straight ¥ configuration
was detrimental to the impedance grouping. After a
number of trials, some improvement was obtained by
adding a slight taper to each leg entering the junction.
Through this method, the necessary bandwidth was
acquired for both bands.

In the 600-1200 Mc unit, a center conductor with a
shielding disk [5] was found to be very useful for group-
ing the impedance characteristics. In this band, using
material no. 2, at a constant magnetic biasing field of
190 gauss, a series of Smith chart plots was made for the
following shield diameters: Straight ¥ (no shield),
0.800, 1.750, 2.000, 2.700, and 3.220 inches. The effects
of the shield diameters are illustrated in Fig. 13. The
two-inch-diameter shield was chosen to be used as the
final design and later resulted in an octave bandwidth
circulator.
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Fig. 11.  L-band circulator impedance plot using material
no. 2 (triangular-shaped ferrite element). Fig. 12 (a) Loss characteristics of an L-band circulator using ma-
terial no. 3 (tan §=0.002). (b) Loss characteristics of an Z-band

circulator using material no. 4 (tan §=0.0001).
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1.750, 2.000, 2.700, and 3.220-inch shield diameters (material
no. 2, biasing field =190 gauss).
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OctavE BANDWIDTH CIRCULATOR DESIGNS
Design Generation

From the results of the study just outlined, sufficient
information is available for designing a circulator with
impedance characteristics most favorably grouped for
broadband matching. The steps to be followed in choos-
ing optimum parameters are outlined below:

1) The choice of 47 AL, and ferrite disk diameter may
be taken directly from Fig. 10.

2) The magnetic biasing field should be approxi-
mately equal to the 47 M, of the material previ-
ously chosen, but can be adjusted in test for pro-
ducing the best performance.

3) A ferrite material having a very low dielectric loss
tangent is needed if low insertion loss is to be
maintained.

4) The linewidth of the material must be narrow
(approximately 50 to 100 Oe) if resonance losses
are to be avoided.

5) In the strip-transmission-line structure, many
combinations of stripwidth, strip thickness, and
ground plane spacings may result in a broadband
device. It is felt that the main consideration
should be maintaining a 50-ohm line and prevent-
ing the propagation of higher order modes. Some
guide in choosing the stripwidth, with relation
to the ferrite disk diameter, can be obtained from
Fig. 1.

After the optimization of the foregoing parameters,
it becomes necessary to match these characteristics over
octave bandwidths. The techniques that have been de-
veloped for all bands utilize common matching circuits.
A description of some of these circuits and the results
obtained are given later.

SpeciFic MATCHING TECHNIQUES

In Fig. 4 an impedance plot of a 1.0-2.0 Ge circulator
in the unmatched condition is shown. The grouping of
this plot, as it stands, does not appear particularly good
for broadband matching. However, if the output ports
are matched to prevent re-reflections within the circu-
lator, a surprisingly well-grouped plot results.

With the use of a double stub tuner inserted in the
output arm (port 2), as shown in Fig. 14, the re-reflec-
tions between ports can essentially be eliminated by
adjusting for maximum isolation between ports 1 and 3.

Using this technique for each of the frequency points,
results were obtained as illustrated in Fig. 15. This plot
now represents more accurately the impedance charac-
teristic for which to design the matching element, since
in the matched condition these internal reflections are
very nearly canceled. The impedance response now
looks very nearly like a low impedance resistive load.

The type of matching structure which has been used
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with greatest success, thus far, has been a single-element
quarter-wavelength transformer located symmetrically
in each arm. The function of this transformer is to
match the 50-ohm line to the low impedance ferrite
junction. With the use of this dielectric transformer,
it was possible to obtain a good impedance match for
1.5-3.0, 2.0-4.0, and the 4.0-8.0 Gc¢ units over an
octave bandwidth.

In the development of the two lowest [requency
units, difficulty was encountered in obtaining the {ull
octave bandwidth using the quarter-wavelength match-
ing transformers. The results of both units, when
matched with the single transformer, are typically
illustrated by the impedance plot shown in Fig. 16.
This impedance plot is one which can be further im-
proved by the addition of a resonant element having an
impedance with an equal magnitude and an opposite
phase slope. This type of circuit can be attained by the
use of an open-circuited, quarter-wavelength stub in
series with the strip-line center conductor. A stub of
this type is equivalent to a series resonant circuit whose
resonant frequency is controlled by the length of the
stub. This circuit was built and tested in a separate
housing, the results of which are shown in Fig. 17. With
the addition of the resonant stub to the circulator, con-
siderable improvement was obtained as shown in Fig.
18. A sketch of this resonant stub is shown in Fig. 19,
and a photograph of the circuit built into the circulator
is shown in Fig. 20.

Similar techniques were employed in improving the
matched characteristics of the 1.0-2.0 Gc unit. The only
parameter that required adjustment in using this stub
in the 1.0-2.0 Gc band was the length of the wire stub.

Thus, in general, for achieving a sufficiently good
match in any of the frequency bands, from 0.6-8.0 Ge,
several techniques have been developed and demon-
strated to be useful in matching the type of response
which is characteristic of the below resonance circulator.
With the use of these matching techniques and the in-
formation previously listed, octave bandwidth designs
may be derived.

Electrical Performance

Typical data for the 0.6-1.2, 1.0-2.0, and 2.0-4.0 Gc
units are shown in Figs. 21, 22, and 23. The performance
of the 1.5-3.0 and 4.0-8.0 Gc units is quite similar to
the 2.0-4.0 Gc circulator and will not be reproduced
here. In some cases the relations between VSWR and
isolation derived earlier do not hold in these illustra-
tions. This variance is due to the ports being slightly
unsymmetrical.

It should be noted that the high loss characteristics
at the lower frequencies in Fig. 21 are probably a result
of low field losses. With available ferrimagnetic mate-
rials, this type of loss mechanism is extremely difhcult
to avoid at frequencies as low as 0.600 Gc.
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‘Fig. 14. The use of the double stub tuner for preventing
re-reflections in circulator measurements.

Fig. 15. L-band circulator impedance plot using
material no. 4 with tuner in output arm.

Fig. 16. Typical impedance characteristics of a 0.6-1.2 Gc cir-
culator when matched with single-element dielectric trans-
formers.
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Fig. 17. Impedance characteristic of an open-circuited quarter-
wavelength stub when tested in a 50-ohm line.

Fig. 18. Impedance characteristic of a 0.6-1.2 Gc circulator
when matched with a resonant stub.
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CONCLUSIONS

The most important single factor in contributing to
the development of the broadband circulators was the
discovery of the strong dependence of the impedance
characteristics upon the saturation magnetization.
Once the optimum 4w M, is established, the parameters
of secondary importance such as magnetic field, strip
thickness, stripwidth, ground plane spacing, matching
techniques, etc., can be carefully adjusted for attaining
maximum bandwidth.

Although a great deal has been accomplished in
broadbanding circulators by empirically optimizing the
saturation magnetization and developing the appropri-
ate matching techniques, it is presently felt that greater
bandwidths are attainable. A likely means of accom-
plishing this end is through the use of multiple-element
matching transformers and through improved center
conductor geometries that can be developed experi-
mentally.

AprrPeENDIX |

An interesting theoretical result that confirms what
has been observed experimentally for some time with
regard to the relation between isolation and VSWR in
a circulator is derived in this section.

It is well known [9] that a lossless reciprocal three-
port junction cannot be matched out. This is easily
shown as follows: If the junction is matched and recipro-
cal, the scattering matrix must be of the form:

0 Sau Su
Sa 0 Ssf. 1)
Ss1 Sz 0

g =

If, in addition, it is lossless, the following equations

must hold:
S21530% = S21S51% = S3515324 = 0. (2)
‘521|2+|531|2= [521|2+t53212=1- 3)

There does not exist a set of values satisfying (2) and
(3) since this would require one of the elements to be
zero and, at the same time, have an absolute value of
unity, which obviously cannot be. Hence, a reciprocal
lossless three-port junction cannot be matched.

One can arrive at essentially the same result from a
different point of view. If the three-port junction is re-
quired to be symmetric, then the scattering matrix can
be of the form:

Sll
Sa1
S's1

S31
Sll
S21

Sa1
Sa|. (4)
Su

$=

If the junction is also to be matched, then the matrix
must be of the form:
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0 S31 S21
Sa 0 Sa (5
S S 0

$=

and if the junction is lossless, then it is seen that
l521{ =1 and S31=0 (6)

or

Se1 =0 and |Su| =1 (7)

Condition (6) gives a junction that circulates in the
mode, port 1—port 2—port 3—port 1 (1—2—3—1),
and condition (7) gives one that circulates in the mode
(1—>3—2—1). Hence, a matched symmetric, lossless
three-port junction is necessarily a circulator. Also, this
shows that the procedure of matching out ports in the
laboratory is precisely equivalent to building a circu-
lator; a result that was also obtained from the solution
of the boundary-value problem using Bosma's boundary
conditions [5].

It has been observed for some time that, if one deter-
mines the VSWR for each of the ports of a ¥ junction
and if the VSWR’s are relatively small (e.g., less than
1.5), then the isolation of port 3, when power is put in
port 1, will be equal to the VSWR of port 2 when con-
verted to decibels. This is true provided the junction is
tending to circulate in the 1--2—3—1 mode. If circula-
tion is in the mode 1—3—2—1, obvious changes in the
foregoing statement are required. This result can be
obtained theoretically as follows. Consider the scat-
tering matrix for a general three-port junction:

S Sz Su
So1 See Sas. (8)
Ssr Sae Sss

$=

If the VSWR's of all ports are small, this requires
<1

| S fori=1,2, 3. (9)

If the Y junction is tending to circulate in the 1—2—3
—1 mode, then

1531’, l512l, |523| «1 (10)

and

| S| = | Ssa| = | Su| = 1. (11)

It is necessary to assume the junction has low loss in
order to obtain (11). If it has low loss, then

S11812% + So1S20x + Ss1S50% = 0. (12)

Since SuSw+ is small to the second order and |Su|
=| S| =1 to first order, it follows that to first order we
have

| Saa| = [ Sul. (13)
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According to (13), if power [A I 2 enters port 1, then
power A2‘ 531| 2 will come out port 3, and if power 42 is
put in port 2, power |A|2|Su|?=]A4]2Su|? will be
reflected. This is precisely the result sought.

A special case of this result, obtained by Aitken and
McLean [8], states that, if the junction is symmetric,
the power reflected at port 1 and the power out port 3
will be equal. This follows since, if the junction is
symmetric, Su=Ss and | 4|2 Su|?=|4]2|Su|

The fact that the derivation of (13) did not require
symmetry makes the result particularly useful to the
experimentalist since he will, in general, be dealing with
junctions that are not truly symmetric.
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Generalized Plots of Mode Patterns in a Cylindrical
Dielectric Waveguide Applied to Retinal Cones

G. BIERNSON, SENIOR MEMBER, IEEE, AND D. J. KINSLEY

Abstract—Generalized curves are presented which describe the
characteristics of the 12 lowest cutoff-frequency modes of an elec-
tromagnetic wave propagating down an infinite lossless dielectric
rod, surrounded by an infinite lossless medium of lower dielectric
constant. These curves were developed by a computer study par-
ticularly to analyze the optical mode patterns generated within the
photosensitive portions of the cones of the retina. However, they
should also be particularly useful in the study of fiber optics and di-
electric microwave antennas.

I. INTRODUCTION
Q- DIELECTRIC rod surrounded by a medium of

lower dielectric constant acts as a waveguide.
However, the characteristics of the modes propa-
gated in such a waveguide are more complex than in the
more familiar metallic waveguide case because 1) part
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of the energy propagates outside the dielectric rod, and
2) the spatial distribution of the energy in a mode varies
with wavelength. In a metallic waveguide, all the energy
is contained within the waveguide, and the shape of a
mode is the same over the frequency range at which it
can exist.

Stratton [1] has shown that the characteristics of the
modes can be obtained by solving a complicated trans-
cendental equation containing Bessel and Hankel func-
tions. Snitzer [2] has discussed the nature of the modes
which arise from solutions of this equation. This paper
presents the results of a digital computer solution of this
equation, which has provided a series of generalized
curves describing the characteristics of the 12 modes
having the lowest cutoff {requencies. This approach can
be extended to include other modes. The spatial dis-
tribution of energy in a given mode is characterized by
a Bessel function of a particular order. For each mode,
the Bessel-function argument at the boundary of the
rod (designated u) is plotted vs. a nondimensional fre-



